for n charges z i ∈ Z in a U (1) gauge theory. The solutions obtained there are general, except they omit solutions which do not correspond to chiral representations of U (1), or which are obtainable by permuting charges, or concatenating solutions of lower n, or by adding zeros.
Here, we show that the ingenious methods of [1] have a simple geometric interpretation, corresponding to elementary constructions long known to number theorists [2] . Viewing them in this context allows a fully general solution (i.e. without the exceptions above) to be written down in one fell swoop. It also allows us to give a variety of other, qualitatively similar, parameterisations of the general solution, as well as a qualitatively different (arguably simpler) form of general solution for even n.
To put the method on a geometric footing, we first observe that, by clearing denominators, every solution in integers of (1) is equivalent to a solution in the rational number field Q. Eliminating z n , we get the homogeneous cubic equation
defining a hypersurface in the projective space PQ n−2 .
As well as identifying solutions differing by a common multiple, working projectively allows us to sidestep annoyances associated with points at infinity in affine space (such as the fact that that affine lines can be variously intersecting, parallel, or skew, while projective lines either intersect or are disjoint). A result of antiquity tells us that a chord through two given rational points on a cubic hypersurface intersects the hypersurface in a third rational point, giving us a way of generating new solutions from old ones. (This is precisely the obscure construction called a 'merger' in [1] .) Further, a rather more recent (though equally elementary) result of Mordell [2] shows that all rational points in a cubic surface can be constructed in this way, starting from two given disjoint lines in the surface. The generalisation to an arbitrary cubic hypersurface X is immediate and gives the following Theorem: Let Γ 1 , Γ 2 ⊂ X be disjoint hyperplanes of dimensions d 1 , d 2 = m o := (n − 3)/2, if n is odd and of dimensions d 1 = m e := (n − 2)/2 and d 2 = m e − 1 if n is even. Every rational point p ∈ PQ n−2 (ergo every p ∈ X) lies on a chord joining a point in Γ 1 to a point in Γ 2 . Proof: The result is obvious if p ∈ Γ 2 . If p / ∈ Γ 2 , then p and Γ 2 define a (d 2 + 1)-d hyperplane, which intersects Γ 1 in a point p 1 . The line through p and p 1 intersects Γ 2 in a point p 2 , yielding a chord. QED.
In the case of interest, the (projective) line L = α 1 p 1 + α 2 p 2 through p 1,2 with homogeneous parameter [α 1 : α 2 ] ∈ PQ 1 intersects the cubic hypersurface X defined by (2) when
Thus, along with the points p 1,2 (corresponding to α 2,1 = 0) we get either a third rational point on X at
or, if the terms on the RHS both vanish, we have that every rational point on L is on X.
To get a fully general solution, we just need to find suitable Γ 1 , Γ 2 . Many choices are possible; let us choose the one that makes closest contact with [1] . To wit, Γ e 1 = [k 1 : · · · : k me : −l 1 : −k 1 : · · · : −k me ] Γ e 2 = [0 : l 1 : · · · : l me : −l 1 : · · · : −l me ] Γ o 1 = [k 1 : · · · : k mo+1 : −k 1 : · · · : −k mo+1 ] Γ o 2 = [l 2 : · · · : l mo :k 1 : 0 : −l 1 : · · · : −l m0 :k 1 ].
These parameterisations cover Γ 1,2 , so by the Theorem yield all solutions of (1). The parameterisations of [1] , in contrast, havel 1 = l 1 andk 1 = k 1 ; as a result they are unable to reproduce solutions in which one of the points p 1,2 in the construction is at infinity in affine space, e.g.
[0 : 1 : −1 : 0] for n = 4, which isn't chiral and has zeros. Two further remarks are in order. Firstly, as we have seen, our parameterization of the general solution is somewhat distasteful, in that occasionally the chord joining points on Γ 1,2 lies in X, and so yields not one, but infinitely many solutions. By repeating the construction with 2 different choices of Γ 1,2 , one can ensure that every solution arises as a unique third point of intersection of a chord with X. One can even choose the original Γ 1,2 such that this can be achieved by simply permuting the co-ordinates z i . Secondly, in the case where n is even, a completely different, and arguably even simpler, construction of a general solution is possible. Indeed, in such cases, the cubic hypersurface has double points, where both the LHS of (2) and its partial derivatives vanish (e.g. the rational point [+1:-1:. . . :+1]). A line through such a double point intersects the cubic in one other rational point (or the line lies entirely in X) and thus all solutions can be obtained by constructing all lines through just a single double point, as it were.
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